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Abstract. We give a formula for the modular operator and modular conjugation in terms 
of matrix coefficients of corepresentations of a quantum group in the sense of Kustermans and 
Vaes. As a consequence, the modular autmorphism group of a unimodular quantum group can 
be expressed in terms of matrix coefficients. As an application, we determine the Duflo- Moore 
operators for the quantum group analogue of the normaliser of SU(1, 1) in SL{2, C). 



I. Introduction 

The definition of locally compact quantum groups has been given by Kustermans and 
Vaes [12], [13] at the turn of the millenium, and we use their definition of locally compact 
quantum groups in this paper. We stick mainly to the von Neumann algebraic setting |13j . 
Since the introduction of quantum groups in the 1980ies and their theoretical development, 
many results known in the theory of groups have been generalised to quantum groups in some 
setting. In particular, the theory of compact quantum groups has been settled satisfactorily by 
Woronowicz establishing analogues of the Haar measure and the Schur orthogonality relations 
for matrix elements of corepresentations analogous to the group case, see [21] and references 
given there. In particular, in the Kustermans- Vaes approach to locally quantum groups there 
is a well-defined notion of dual locally compact quantum group. Moreover, the double dual 
gives back the original locally compact quantum group. 

In his thesis {2> §3.2] Desmedt generalises the Plancherel theorem for locally compact groups 
to the setting of quantum groups. Imposing sufficient conditions on a quantum group remi- 
niscent of the conditions of the classical Plancherel theorem, he proves a decomposition of the 
biregular corepresentation in terms of tensor products of irreducible corepresentations. The 
intertwining operator, also called the Plancherel transformation, is given in terms of fields 
of positive self-adjoint operators which correspond to classical Duflo-Moore operators. One 
consequence of the quantum Plancherel theorem is the existence of orthogonality relations of 
matrix coefficients in terms of these operators. 

The present paper focusses on the modular properties of matrix coefficients of a locally 
compact quantum group that satisfies the assumptions of Desmedt's Plancherel theorem. The 
orthogonality relations suggest that modular properties of integrals of the matrix coefficients 
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of corepresentations of a locally compact quantum can be expressed in terms of the corre- 
sponding operators of Duflo- Moore type. Here, we give the polar decomposition of the second 
operator (14. Xp as in the Tomita-Takesaki theorem for a general locally compact quantum 
group satisfying the conditions of the Plancherel theorem, see Theorem 13.11 In the case of a 
unimodular locally compact quantum group, we obtain an explicit expression for the action 
of the modular automorphism group on matrix elements of corepresentations. This result is 
presented in Theorem 14.81 

In the second part of this paper, we determine the modular conjugation and the modular 
automorphism group for the case of the locally compact quantum group associated with the 
normaliser of SU(1, 1) in SL(2,C). This quantum group was introduced in [5] and further 
studied in [5], where the explicit decomposition of the left regular corepresentation is presented. 
We calculate the Duflo- Moore operators for almost all corepresentations in the decomposition 
of the left regular corepresentation. This extends Desmedt's result in [2J §3.5], where he 
determines Duflo-Moore operators for the discrete series corepresentations using summation 
formulas for basic hypergeometric series instead of the modular formula obtained in the present 
paper. 

This paper is structured as follows. After introducing the notational conventions, we recall 
Desmedt's Plancherel theorem in Section [3j We indicate how his theorem implies orthogonality 
relations between matrix coefficients and prove a result about integrals of matrix coefficients 
that are square integrable, see Theorem 13.111 Next, in Section H] we give a formula of the 
modular automorphism group of a unimodular quantum group in terms of matrix coefficients. 
In Section [5] we apply the theory of Sections [3] and H] to determine the Duflo-Moore operators 
of the normaliser of SU(1, 1) in SX(2,C). Appendix IA1 contains a technical result on direct 
integration and Appendix IB1 proves that the example of Section satisfies the assumptions of 
the Plancherel theorem. 

2. Conventions and notation 

For results on weight theory on von Neumann algebras our main reference is [18]. If (p is a 
weight on a von Neumann algebra M, we use the notation N v = {x 6 M \ <p(x*x) < oo} and 
Mip = M*M V) MfL = M.^ fl M + . af denotes the modular automorphism group of (p. 

The definition of a locally compact quantum group we use is the one by Kustermans and 
Vaes [12], [13]. We briefly recall their notational conventions, see also [11], |21| . Let (M, A) 
be a locally compact quantum group, where M denotes the von Neumann algebra and A the 
comultiplication. So A is normal *-homomorphism A: M — > M eg) M satisfying (A <g) t)A = 
(l £g> A) A, where i denotes the identity. Moreover, there exist two normal semi-finite faithful 
weights ip, if) on M so that 

ip((u <g> i)A(x)) = ip(x)u(l), Vue M+, V x e M+ (left invariance), 

® cu)A(x)) — i(j(x)uj(1), V co 6 M^~, V x G Aii (right invariance). 

ip is the left Haar weight and if) the right Haar weight. (H^, A,n v ) and (H^,T,n^) denote 
the GNS-constructions with respect to the left Haar weight (p and the right Haar weight ip 
respectively. Without loss of generality we may assume that H v = and M C 13(11^). The 
operator W G BiH^ <g> H v ) defined by W*(A(a) <g> A(6)) = (A® A) (A(6)(a <g> 1)) is a unitary 
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operator known as the multiplicative unitary. It implements the comultiplication A(x) = 
W*(l g) x)W for all x G M and satisfies the pentagonal equation W 12 Wi 3 W 23 = W 2 3W 12 in 
B(H V <g) H v ® if^,). In [12], [13], see also [TT], [2T], it is proved that there exists a dual locally 

compact quantum group (M, A), so that (M, A) = (M, A). 

A unitary corepresentation U of a von Neumann algebraic quantum group on a Hilbert space 
H is a unitary element U G M®B{H) such that (A® <,)(£/") = Z7i 3 J7 2 3 G M®M®B(H), where 
the standard leg-numbering is used in the right hand side. A closed subspace L C U is an 
invariant subspace for the unitary corepresentation U if (u<S)L)(U) preserves L for all u G M*. 
A unitary corepresentation U in the Hilbert space H is irreducible if there are only trivial (i.e. 
equal to {0} or the whole Hilbert space H) invariant subspaces. If U\ is a corepresentation on 
a Hilbert space H\ and U 2 is a corepresentation on a Hilbert space H 2 , then Z7i is equivalent 
to U 2 if there is a unitary map T : Hi — > H 2 , such that (t <g> T){/i = L^t <8> T). We use the 
notation IC(M) for the equivalence classes of irreducible, unitary corepresentations of (M, A). 

(M U! A„) denotes the universal dual and (M c , A c ) denotes the reduced dual C*-algebraic 
quantum groups [10]. The dual weights are denoted by (p u and -0 U for (M U ,A U ) and c/3 c 
and t/> c for (M C! A C ). Similarly, we have GNS-constructions (H^, A^ u , 7r^ u ) and (f/^, T 7r? ) 

for (M U ,A U ) and (H^, A^ c ,tt^, c ) and (H^jT^tta) for (M c , A c ). Recall that without loss of 
generality we may assume that i?^ equals i/^,. 

By IR(M U ) and IR(M C ) we denote the equivalence classes of irreducible, unitary represen- 
tations of M u and M c respectively. We recall from [10J that there is a bijective correspondence 
between IR(M U ) and IC(Af) and that IR(M C ) is contained in IR(M U ). 

W denotes the multiplicative unitary associated with M. For u G M* we define X(u) = 
(u ® l)(W) G M. We set 

I={w£ M* | A(x) i— )• oo(x*), x G A^, is a continuous functional on i^} . 

X is dense in M* [T2"l Lemma 8.5]. By the Riesz representation theorem, for every u6l one 
can associate a unique vector denoted by such that A(x)) = co(x*). The set 

u> G X, is dense in JT2J Lemma 8.5]. Then the dual weight (p on M is the weight defined 
by the GNS-construction A(o>) !->■ £(u)). This GNS-construction of M is denoted by A. All 
these definitions have right analogues. 

Xr = G M* I r(x) i— j- x G N$ is a continuous functional on H^} . 

For w G Xr, there is a vector £r(oj) such that (£r(u;), T(x)) = co(x*). The set £r(oo), u G Xr, 
is dense in H v . 

For a G M*, we denote a G M* for the functional defined by a(x) = a(x*). Define 
M| = {a6M i |3^M,:(^ t)(W) = (« ® W*} ■ !t can be shown [TO] that for every 
a G Mj there is a unique G M* such that (0 <8> t)(W) = (a <8> i)(W)* and is determined by 
9(x) = a(S(x)),x G T>(S), where S is the unbounded antipode of (M, A). We will write a* 
for this 

Basic results on direct integration can be found in [3]. For direct integrals of unbounded 
operators we refer to [J5], [TB] and [2U1 Chapter 12]. If A is a standard measure space 
with measure fi, we use the notation (Hjj) U( zx or simply (Hjj)jj for a field of of Hilbert 
spaces Hjj over X. If (Hjj)u is a measurable field of Hilbert spaces we denote its direct 
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integral by J x Hudfi(U). Similarly we add subscripts to denote fields of vectors, operators 
and representations. 

Let if be a Hilbert space. We define the inner product to be linear in the first entry and 
anti-linear in the second entry. We denote the Hilbert- Schmidt operators on H by B2(H). 
Recall that B2(H) is a Hilbert space itself, which is isomorphic to H <g) H, the isomorphism 
being given by £ eg) fj : h (h,rj)£. Here H denotes the conjugate Hilbert space. We denote 
vectors in H and operators acting on H with a bar. For £, n G H the normal functional u^ iV 
on B(H) is defined as u^ v (A) = (A£,r]). The domain of an (unbounded) operator A on H 
is denoted by V{A). The symbol <8> denotes either the tensor product of Hilbert spaces, the 
tensor product of operators or the von Neumann algebraic tensor product. It will always be 
clear from the context which tensor product is meant. 

3. Plancherel Theorems 

The classical Plancherel theorem for locally compact groups [5, Theorem 18.8.1] has a 
quantum group analogue, which has been proved by Desmedt in [2J. This section recalls part 
of Desmedt 's Plancherel theorem and elaborates on minor modifications and implications of 
this theorem which turn out to be useful for explicit computations in Section 

For two unbounded operators A and B, we denote A ■ B for the closure of their product. 

Theorem 3.1 (Desmedt [2J Theorem 3.4.1]). Let (M, A) be a locally compact quantum group 
such that M is a type I von Neumann algebra and such that M u is a separable C* -algebra. 
There exist a standard measure fi on IC(M) ; a measurable field (Hu)u of Hilbert spaces, a 
measurable field {Du)u of self-adjoint, strictly positive operators and an isomorphism Ql of 
H v onto f B2(Hjj)dfi(U) with the following properties: 

(1) For all a E I and fx-almost all U G IC(M) ; the operator (a Cg> L)(U)Dy l is bounded 
and (a (g> l)(U) ■ D^ 1 is a Hilbert- Schmidt operator on Hjj. 

(2) For all a, j3 G X one has the Parseval formula 

(tfaUG*)) = / Tr (((/? ® l){U) ■ D^Y ((a g) t)(U) ■ D^)) dfi(U), 

JlC(M) 

and Ql is the isometric extension of 

A(A(X))-> / B 2 (Hu)dfi(U) : £(«).->> / {a ® t){U) ■ D^d^U). 

Here \x is called the left Plancherel measure and Ql is called the left Plancherel transform. 
We will be dealing with a right analogue of the Plancherel theorem as well, see [2j Remark 
3.4.11]. Here we explicitly state the part of this theorem that is relevant for the present paper. 

Theorem 3.2. Let (M, A) be a locally compact quantum group such that M is a type-I von 
Neumann algebra and such that M u is a separable C* -algebra. There exist a standard measure 
IMr on IC(M), a measurable field [Ku)u of Hilbert spaces, a measurable field {Eu)u °f self- 
adjoint, strictly positive operators and an isomorphism Qr of H^ onto J B 2 {Ku)du{U) with 
the following properties: 
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(1) For all aGlfi and fXR-almost all U G 1C(M), the operator (a <g> t)(U)E^ is bounded 
and (a <g> l)(U) ■ E^ 1 is a Hilbert- Schmidt operator on Ku . 

(2) For all a, (3 G Xr one /ias t/te Parseval formula 

(U^),UW)) = I Tr ® 0(17) • i^ 1 )* ((a ® 0(^0 ' V)) W^), 

</IC(M) 

and Qr is the isometric extension of 

/*© p CD 

6^)^ / B 2 (Hu)dfjL R (U) : / {a^L^-E^dfiaiU). 

JlC(M) JlC(M) 

(3) TTie measure fXR can be choosen equal to the measure fx of Theorem \3.1\ and the mea- 
surable field of Hilbert spaces (Ku)u can be choosen equal to (Hu)u> the measurable 
field of Hilbert spaces of Theorem \3.1[ 

Parts (pQ) and (j2J) of this theorem can be obtained from [21 Theorem 3.4.5] using the relations 
between the right Haar weight tp and the right Haar weight ipu on the universal dual quantum 
group. The prove is similar to how Theorem 13.11 is obtained from [21 Theorem 3.4.5]. We 
elaborate a bit on the third statement. Since (p u and ip u are both approximately KMS-weights 
on the universal dual M u , their W*-lifts are n.s.f. weights so that [181 Theorem VIII. 3. 2] 
implies that the representations ir v and ir^ are equivalent. Hence 

(3-1) ^AMuT = rc^M) ~ vr^(M) = tt^(M u )". 

The proofs of Theorems 13.11 and 13.21 show that the measures fx and v together with the 
measurable fields of Hilbert spaces {Hu)u and (Kjj)u in Theorems 13.11 and 13.21 arise from the 
direct integral decompositions of 7r^ u (M u )" and n^(M u )", respectively. That is: 

K0u(Mu)"= / B(H a )dfx(a), n^(M u )"= B(K a )dfx R (a). 

J X JY 

By (13. ip we may assume that fx = fi R , X = Y and (Hjj)u = (Ku)u- Furthermore, by [2, Eqn. 
(3.4.2)], Titpiy) = y = ir^(y),Wy G M, which shows that the correspondence between X and 

the measurable subspace IR(M U ) is the same for ii^ u and tt^ . This proves the third statement 
of Theorem I3.2L 

Qr is called the right Plancherel transform. In the rest of this paper we will assume that 
fx = fXR and we simply call fx the Plancherel measure. Similarly, we identify (Ku)u with 
(Hu)u. 

Remark 3.3. Theorems 13.11 and 13.21 remain valid when the assumption that M u is separable 
(universal norm) is replaced by the assumption that M c is separable (reduced norm) and 
the measure space IC(M) is replaced by the measure space IR(M C ). The proof is a minor 
modification of the proof of [21 Theorem 3.4.1]. Here, IR(M U ) can be replaced by IR(M C ) and 
V should be read as the multiplicative unitary W, see [10] for the definition of V. The proof 
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of this modification can be obtained by using the following relations instead of [21 p. 118-119]: 

7T(j ((u) <g> t){W)) = (to <g> where <7 G IR(M C ) corresponds to U a G IC(M), 

(3 ' 2) = a ((w ® o w) = a^ c ((w ® o w) ■ 

In [21 Theorem 3.4.8] Desmedt proves that the support of the left and right Plancherel measures 
equal IR(M C ), which is in agreement with this observation. 

Remark 3.4. The corepresentations that appear as discrete mass points in the Plancherel 
measure correspond to the square integrable correpresentations in the sense of [U Defini- 
tion 3.2] or the equivalent definition of left square integrable corepresentations as in [21 Defi- 
nition 3.2.29]. A proof of this can be found in [21 Theorem 3.4.10]. 

Notation 3.5. In the rest of this section as well as in Section H] we adopt the following 
notational conventions. (M, A) is a fixed locally compact quantum group satisfying the con- 
ditions of Theorems 13.11 and 13.21 We set D = f lC / M ^ DudfJ,(U), E = f lc , M j Eud/j,(U) and 
H = J^c( M ) Hud[/,(U), where \x is the Plancherel measure. All (direct) integrals are taken over 
IC(M). In the proofs we omit this in the notation. 

In the remainder of this Section, we express the Plancherel transformation in terms of 
matrix coefficients to arrive at Theorems 13.101 and 13.111 These theorems can be considered as 
direct implications of the Plancherel theorems. We will need them in Section [51 

Lemma 3.6. We have the following: 

(1) Let x G M, such that the linear map f : A(A(X)) — >■ C : £(a) ^ a(x*) is bounded. 
Then x G V(A) and /(f(a)) = (f(a), A(x)). 

(2) Let x G M, such that the linear map f : r(A(Z#)) — > C : £r(«) i-> a(x*) is bounded. 
Then x G V(T) and f(£ R (a)) = (^(a),T(x)). 

Proof. We prove the first statement, the second being analogous. The claim is true for x G J\f v , 
since T>(A) = Af v and by definition (£(a),A(x)) = a(x*), for all a G X. Now, let x G M be 
arbitrary. The set | a G X} is dense in H v by [121 Lemma 8.5] and its subsequent remark. 

Hence, by the Riesz theorem, there is a v G H v such that for every a G X a(x*) = v). 
Let (ej)j(zj be a bounded net in the Tomita algebra 

% = [x g M 9 n M* | x is analytic w.r.t. o~ v and o-f(x) G M 9 C\Af*,Vz G C} , 

converging cr-weakly to 1 and such that crf, 2 (ej) converges a- weakly to 1 (using the residue 
formula for meromorphic functions, one can see that the net (ej)j £ j defined in [TSJ Lemma 9] 
satisfies these properties). Let a,b G T v and fix the normal functional a by a(x) = tp(axb),x G 
M. Using [T21 Lemma 8.5] we find 

(£(a), AOre,-)) = <p(ae*x*b) = (A(ba^(ae*)) , v) = (A(b*^(a)) , J^f^)*) Jv) . 

Hence, A(xej) = Jn ip {a^i 2 {ej)*)Jv 1 so that A(xej) converges weakly to v. Since xej — > x 
a- weakly and A is a- weak/weakly closed, this implies that x G T>(A) = J\f v and v = A(x). □ 
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Recall that J® B 2 (H v )d(i(U) ~ J® Hu®H^d^(U). For 77 = J® Vu dfi(U), £ = J® ^udfi(U) G 
if the mesurable field of vectors ®rji])u is not necessarily square integrable. If it is square 
integrable, f®£u®Wdfi(U) e J® B 2 {Hu)dfi{U). 

We obtain the following expression for the left Plancherel transformation. 

Lemma 3.7. Let r\ = Jic(M) Vud^U) G if and £ = fw M \ £ud(J>(U) G if be such that 77 G 
V{D~ l ) and (£u®Vu)u ^ square integrable. Then IC(M) 3 27 1— > (4 ® oo^ U;D -i Vu )(U*) e M is 
a-weakly integrable with respect to fj, and ^, m Al ® LO^ u D -i nv ){U*)d^,{U) G Af v , and 

(3.3) Ql\T £u®mtiU))=*( f (^^ u>D ^J(U*)dn(U) 

JlC(M) VlC(M) 

Proof. For a G X, Theorem 13.11 implies that 



>®u D j m £ u ){U)dii{U) =a(J {L®u^ D -,J{U*)dii{U)*), 

where the last integral exists in the a-weak sense. We see by Lemma 13.61 that, J (4 £g> 
u^ )D -^J(27*)t4>([/) G X>(A) = Af v , and O follows. □ 

Remark 3.8. As in the proof of Lemma 13.71 we see that for £ = f® £ud[i(U) G if , 77 = 
J® r]udfi(U) G if, the a-weak integral f(4 (g) (jj^ u>r}u )(JJ*)d^,{U) G M exists, and for a G M*, 
|/(a®w effjW )(?7)d//(i7)| < ||a||||£||N|. 

The previous lemma shows that Q^ 1 is an analogue of what Desmedt calls the (left) Wigner 
map [21 Section 3.3.1]. This map is defined as 

(3.4) B 2 (H V ) -> H : £ ® V ^ A ((4 ® ^ iD -i„)(27*)) , 

where 27 is a corepresentation on a Hilbert space if;/ that appears as a discrete mass point in 
the Plancherel measure, cf. the remarks about square integrable corepresentations at the end 
of Section^ This map is also considered in [U Page 203], where it is denoted by $. 
The next Lemma is the right analogue of Lemma 13.71 the proof being similar. 

Lemma 3.9. Let 77 = J^ M ^ r]udfi(U) G if and £ = fm M \ ^udfi(U) G if be such that 77 G 
V{E~ l ) and (£ v eg) rjjj) u is square integrable. Then IC(M) 3 U 1 — >• (t (g) u^ v s- 1 r?(7 )(^) £ M is 
a-weakly integrable with respect to [i. Furthermore, J IC( - M )(4 ® {jJ ^ v E^r^i^dfi^U) G Af^ and 

Qr( r & ® wW) = r (7 (4 ® w^-i^JCtOdMto) • 

JlC(M) \7lC(M) / 

The Plancherel theorems imply the following orthogonality relations. The theorem follows 
immediately from the expressions for the Plancherel transformations given in Lemmas 13.71 
and 13.91 The orthogonality relations will be used in Section where we give a method to 
determine the Duflo-Moore operators of a locally compact quantum group that satisfies the 
assumptions of the Plancherel theorem. 
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Theorem 3.10 (Orthogonality relations). Let (M, A) be a locally compact quantum group, 
such that M u is separable and M is a type I von Neumann algebra. Let r] = f r]udn(U) G H, 
£ = j®^ v d^{U) G H, rf = j®i v d^{U) G H and £' = f® &d/x(t7) G H. We have the 
following orthogonality relations: 

(1) Suppose that r), n' G T>(D) and that (£[/ <S> Dui]u)u, (C'u ® DuVu)u ar ^ square integrable 
fields of vectors, then 



V (^y (i^u^ Vu )(U*)d^(U)j J {i®uj^ rfu ){U*W{U) 

J (Dumi^ur/uK&^uWiU). 

(2) Suppose that n, n' G V(E) and that (£/y ® Ejjrju)u, (Cu ® EuVu)u « re square integrabk 
fields of vectors, then: 



i> ( ( / (*®«&,,wr)(E0<W0 ) / {i®u ilwrfv ){u)dn{u) 

(3.6) 

' {EuVuiEurj^i&^^dniU) 



Here j(t <g> uj£ UjTIU )(U*)dfi{U), f(i <g> u^ v , ri > L XU)d^{U), 

J (i®u)£' >r) i )(U*)d(j,(U) are defined in Lemma \37^ and lcTR The integrals are taken overlC(M) . 

As observed in Remark 13.81 the element J"(i <g) u^ U)Vu )(U*)dfJ,(U) G M exists for 77 = 
J® rjudfj,(U) G If, £ = J e £udfJ,(U) G If and the next theorem investigates the consequences 
of f(L®ut u ,T, u )(U*)d f j,(U) G A/;. 

Theorem 3.11. Lei £ = j^,^ M ^udfi(U) £ H be an essentially bounded field of vectors. 

(1) Lei r/ = | IC(M) r]udfi(U) E H be such that / IC(M) (t ® 

a; Cc7,w)(^*)^A i (^) ^ -A/^>- Then, 
for almost every U in the support of (£u)u> we have rju G V(Du). 

(2) Lei r/ = J^,, M ,r]udfi(U) e H be such that §i G t M ^{t®U£ um )(U)dii{U) G A/ - ^. T/ien, /or 
almost every U in the support of (£u)u> we have rju G T>{Ejj). 

Proof. We only give a proof of the first statement. Consider the sesquilinear form 



q( V , V ') = <p\^J (L®u^ Vu )(U*)dfi(Uy j (L®u Mu )(U*)dfx(U) 
with 

q(v) = q(v, v), v(q) = {v = [ vud^(u) \ f(t ® ^ UiT}u ){u*)dyL{u) g a; 



q is a closed form on H. Indeed, assume that r\ n G T>(q) converges in norm to n G H and 
that q(r) n -rj m ) ->■ 0. Then /(t ® u iUirjnU )(U*)dn(U) converges to /(/, ® LO^ UtVu )(U*)dfj,(U) 
cr-weakly. By assumption A(J(l ® oo^ UiVnU )(U*)d^i(U)) is a Cauchy sequence in norm. The 
cr-weak-weak closedness of A implies that J(l <g) co^ UjVu )(U*)dfi(U) G ©(A) = A/^,, so 77 G L>(g) 
and A(J (a ® ^( v , Vn u)(U*)dn(U)) converges to A(J (a ® u^ Utriu )(U*)dfx(U)) weakly. Since we 
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know that A(j (4 <8> oo^ u>Vn u){U*)dji{U)) is a actually a Cauchy sequence in the norm topology 
it is norm convergent to A (J" (4 <8> co^ U!VU )(U*)dfi(U)) . This proves that q(rj — rj n ) — > 0. 

Since (£t/)[/ is a square integrable, essentially bounded field of vectors, J® £u <8> rjjJdii(U) G 
B2(H). By Lemma l3~7Tl T>(D) C T>(q), so that g is densely defined, g is symmetric and positive 
by its definition. By [HI Theorem VI. 2. 23], there is a unique positive, self-adjoint, possibly 
unbounded operator v4 on H such that q(r],r]') = (Arj,Arj') and T>(A) = T>(q). By Theorem 
IBTTUl we see that for 77, 7/ G £>(£>) we have / (A/??^, Du^W^ufd^U) = (Aq, Arf). Since both 
A and J® ||6y||^M^) are positive, self-adjoint operators this yields A = f® ||£[/||.D[/d//(i7). I n 
particular 77,7 G V(D V ) for almost every f7 G supp {(£u)u) = {U G IC(M) | 7^ 0}. □ 

4. Modular properties of matrix coefficients 

In this section we work towards expressions for the modular automorphism group of the 
left and right Haar weight in terms of matrix elements of corepresentations, culminating in 
Theorem 14.81 The matrix coefficients of corepresentations are preserved under the modular 
automorphism group. The idea of proving this formula is to describe the polar decomposition 
of the conjugation operator r(x) h-> A(x*),x G A/^, D A/"* explicitly in terms of corepresen- 
tations. Then, for a unimodular quantum group, where L = A, the modular automorphism 
group is implemented by the absolute value of this operator. 

Recall that in this section we use the notational conventions of Notation 13.51 

At this point we recall the relevant results from the theory of normal, semi-finite, faithful 
(n.s.f.) weights and their modular automorphism groups. This is contained in [TSJ Chapters 
VI, VII, VIII]. We emphasize that the notation sometimes differs from |18j . 

Consider the following two operators [181 Section VIII. 3] 

sv,o = £fy -> #v : r <» ^ r(z*), x g A^. n AQ;, 

(4.1) S :H^^H V : T(x) ^ A(x*), xeM^D A/"*. 

Both operators are densely defined and preclosed. We denote their closures by and S, 

respectively. and S correspond to and in [HI Section VIII. 3, (13)]. We denote 

1 ' 1 

their polar decompositions by S^p = J^V^S = JV 2 . By construction, J/, and V^, are the 
modular conjugation and the modular operator appearing in the Tomita-Takesaki theorem. 
In particular, V^, implements the modular automorphism group af, i.e. 

(4.2) vtM*)) = VjMaOV/, xeM,t£R. 
Furthermore, V^, t G M, is a homomorphism of the left Hilbert algebra r(A/^ fl A/^), i.e. 
(4-3) V%^{x)V-/T{y) = 7rKV*r(x))r(y), 

where ni(a)b = ab for a,b G r(A/^ n A/"*). By [LB, Section VIII.3, (11) and (29)] the modular 
automorphism group af is implemented by V, i.e. 

(4.4) af(x) = V**xV _it , xe M, t G R. 

We emphasize that in general V lt ,t G M, fails to be a Hilbert algebra homomorphism of the 
left Hilbert algebra T(Af^ HAfl). In case (M, A) is unimodular, we find that V = V^, and 
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V 1 *, t G R, satisfies the relation (14. 3p . This fact will eventually lead to Theorem 14.81 However, 
we present the theory more general and do not suppose that (M, A) is unimodular until this 
theorem. 

It turns out that the polar decomposition of S can be expressed in terms of corepresentations 
by means of the Plancherel theorems. The polar decomposition of Ql o S o and the 
morphisms Ql and Qr give the polar decomposition of S. Eventually this yields Theorems 
1461 and I4T71 

Remark 4.1. For £ = f®&dn(U) G H and n = J® rjud^U) G H, and A = J® A v dfi(U), 
B = J® Bi/dfi(U) decomposable operators on H, we will use G T>®(A,B) to mean 

f G V(A),rj G V(B), {&®W)u is square integrable and f®& ®r]Udfi(U) G V(f®(Au ® 
B^)dfi(U)). For closed opeators A and 5 the set of J® £u®Vudfi( u ) with W) e X>®(A B) 
is a core for f®(Au ® Bjj)dp,(U) by Lemma fA.ll In particular this set is dense in f® Hu ® 
H^d^{U). 

Let £ be the anti-linear flip £ : j® H v ® H^dfj,(U) -> j® H v ® H^dfi(U) : <8) 
rjudjjL{U) H- f®f]u® ^ud^{U). £ is an anti-linear isometry of J® Ht/ g) Hud^iiU). 

Lemma 4.2. For ry = /® (M) ^([7), £ = J® {M) ^dfi(U) G F ; twtfi (77,?) e V®{E~\D)), 
we have Q R X (f^ M ^u ®Vud^{U)\ G ^(5) and; 



\JlC(M) J \JlC(M) / 



(4.5) 



Proof. By Lemma [379 



(4.6) Q^ 1 ® =r(J(L® U^ E -r Vu ){U)dpL{U)\ . 



By Lemmas 13.71 and 13.91 we obtain 



f {i®u^ E -iJ{U)dn{U) = (| (L9u^i m ^)(U*)d^U)j G A/^ n jV*. 
Hence, by (g3), (jMJ) and Lemma O 

QloSoq^ n°tu®mMu)) = Ql (a (J (t®^ u>E -ij(U)d^u)*) 



from which the lemma follows. □ 
We are now able to give the polar decomposition of Ql S o Q^ 1 . 

Theorem 4.3. Consider Sq := Ql 0^0 Q^ 1 as an operator on f^r M \Hu ® Hudfi(U). 
Then the polar decomposition of Sq is given by the self-adjoint, strictly positive operator 
Jic(m) ® E^ x dix{U) and the anti-linear isometry £. 
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Proof. Throughout this proof, let rj = f® r]udjjL{U) G H, £ = f e £udfi(U) G H, rf = 
J® rj'jjd^U) G H and £' = J® ^dfi^U) G i? be such that (77^7 ® £[/)[/ and (77^ <8> are 
square integrable. 

Assume (rj, £) G V®(D,~E~^), (£',rf) G 2^(1}, IF 1 ), so that by flOjl . 



{Z u ,Eu 1 v'u)(D u £ u , Vu )d f i(U) = 
(E^^ u , V ' u )^ u ,D u r ]u )d^U) = 



So S% J®(^ ® W)^(^) = F(DuVu ® E^u)dfi(U). 



Assuming (£,77) G V® (D 2 , E~ 2 ) , it follows 

^s(y (Zu®rju)driU))= J (DUu®Eu 2 VuW(U). 
J® (g) Ey 2 dn(U) is a positive, self-adjoint operator for which the set 

C := span c {J^^u® mW(U) | (£,7?) G V®(D 2 , E~ 2 ) j , 

forms a core by Lemma IA.ll Since SqSq is self-adjoint and agrees with the self-adjoint 
operator J® D 2 V ® E^d^U) on C we find S* q Sq = J® D 2 V <g> E^dfi(U). 
Assuming that (£,77) G V®{D,E~~^), 



So (J® D v ® E^d^U)) (j* 



ttu®vU)dv(U) 

/ /*© \ /* (D 

y (Duiu ®^j^W(U)\ = J (E l } 1 r ]u ®D^)d^U), 

so that Sq and Eo | J® D[/ £g> E^ l d}i{U) \ agree on a core, cf. Remark 14.11 □ 

Finally we translate everything back to the level of the GNS-representations H v and H^. 
Proposition 4.4. Let 

D 1 =span c { / (i eg) uj£ um )(U)dn(U) | where 

v o JlC(M) 

r, G V(E) n ^(i?- 1 ), (£, £77) G Z>®(Z>, E- 1 )}, 
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an 



d define Vq : T(D 1) — > by 



*6 



r( / (t ® Wft,, w )(tOdA*(cO) ^ r( / (t ® Wj3fffo>B -,j{u)dn{u)). 

JlC(M) JlC(M) 
I i 

Then Vq is a densely defined, preclosed operator and its closure V^, is a self-adjoint, strictly 
positive operator satisfying Qr o o Q^ 1 = f^,, M ^ Du <g> E^d^iJJ). 

Proof. Let C := span c | J® ® rnJdfi(U) | 77) G D®(£^,^ 2 )}. Then C is a core for 

J® ® E^d^U). Indeed, C is a core for J® D 2 / ® Ejj 2 djji{U) by Lemma IA.1| and hence 
this is a core for J® D[/ <g> E^dfi^U). 

Now, let 77 = J® rjud^U) G # and £ = J® £ud(J>(U) E H be such that 

77 G X?(£) n P^ 1 ), (£, £77) G iT 1 ). 

So 77 G V(E) and £g> Ejjr}u)u is square integrable, so that J(l<S> oo^ UiTju )(U)dfj,(U) G A/^, 
by Lemma [3791 Similarly, since E 1-1 ?? G T>(E) and (Djjt^u <S> i]u)u is square integrable, f(i<S> 
Duiu E- 1 ri U )(^)dl J '(U)) G A/^,. Furthermore, we have the following inclusions: 



to 



CCQ R (T(D j))CP( Du®E^d^U)) 
and for a: G T(D 1) we have, 

V!(x) = Q^ 1 (pDu®E^dii{U) \ Q R (x). 



Since <2# is an isometric isomorphism, the claims follow from the fact that J Du £g> E v l d/j,(U) 
is a self-adjoint, strictly positive operator for which C is a core. □ 



Proposition 4.5. Lei Dj be the linear space 
/•© 

span c { / (a® LO^ um )(U)dii{U) | where 

JlC(M) 



£ G Z>(.D 1 ),77 G T>(E), (£u <g> Eurju)u is square integrable}, 
and define J : r(Dj ) — )■ i/^ : 



r( / (t®w foim ,)(C0dAi(C0) ^ A( / ^J(tf)^)*)- 

JIC(M) JlC(M) 

Then J is a densely defined anti-linear isometry, and its closure, denoted by J, is a surjective 
anti-linear isometry satisfying Ql o Jo Q^ 1 = £. 

Proof. Let C := span c {/ ® ffUdfi(U) | (£,77) G C is dense in f® H v ® 

Hjjdfx(U), c.f. Remark 14.11 

For 77 = f® r}ud(j,(U) G and ( = J® Cudfi(U) e H so that £ G Dp" 1 ), 77 G 
and (£(7 <g) -E^77[/) j7 is square integrable, we find J*(a ® uj^ U)r]u )(U)dn(U) G A^ and / (a ® 
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u D -i iu EuVu ){U)dfi{Uy G N 9 by Lemmas O and EH So C C Q fl (r(D Jo )), and for x G 

r(Dj ), Jo(x) = Q^ 1 oSo Q#(a;). Then, since Qi, and <2r are isomorphisms, the claim follows 
from E being a surjective anti-linear isometry. □ 

Note that the previous proposition is an analogy of the classical situation. Suppose that 
G is a locally compact group for which the classical Plancherel theorem [5] Theorem 18.8.1] 
holds. The anti-linear operator />—>•/* acting on L 2 (G) is transformed into the anti-linear 
flip acting on J K(Q <8>K(£)d/j,(Q by the Plancherel transform. Here f*(x) = 
and So is the modular function on G. 

From Theorem 14.31 and Propositions 14.41 and 14.51 we obtain the following result. 

Theorem 4.6. The polar decomposition of S is given by S = JVa. 

The roles of tp and ifi can be interchanged. Consider the operator: 
(4.7) S' :H^^H^: A(x) ^ T(x*), x G M v H A/J. 

This operator is densely defined and preclosed. We denote its closure by S' . The polar 
decomposition of S' can be expressed in terms of corepresentations in a similar way. 

Theorem 4.7. Consider S' : — > H^. Let D'j be the linear space 
span c { / (t ® uj£ UiVU )(U)*d[J,(U) | where 

JlC(M) 

i EV(D),rt eV{E' l ),{Duiu ®tJU)u is sq. int.}, 
and define J' : A(D' Jo ) — > H^: 

JlC(M) JlC(M) 

Then J' Q is densely defined and isometric, and its closure, denoted by J' , is a surjective anti- 
linear isometry. Let 



D' i = span c { / (t® uJ^ um )(U)d^i{U) | where 

v o ilC(M) 

£ G V{D) n V(D- 1 ), (D£,7j) G V®{D~\E)} : 

,i 

and define V 2 : A(D i) — >■ i?^,: 



JIC(M) JIC(M) 

T/iera V 2 is a densely defined, preclosed operator and its closure, denoted by V' 2 ; is a self- 
adjoint, strictly positive operator. 

Moreover, the polar decomposition of S' is given by S' = J'V' 5 . 
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We now assume that (M, A) is unimodular, so that S = S' = and Theorem 14.61 give 
an explicit expression for the modular operator and modular conjugation. This leads to 
the following expression for the modular automorphism group. In this case we write o~ t for 

ip tb 
°t = • 

Theorem 4.8. Suppose that (M, A) is unimodular. Let {£,u)u,{Vu)u be square integrable 
vector fields. The modular automorphism group o~ t of the Haar weight if) can be expressed as: 



(4.8) a t [ (L®u (lrm )(U)dfi(U))= (i(S)u D 2^ uK u Vu )(U)d^U). 

\JlC(M) J JlC(M) 

Proof. For r\ = J"® Tjud(i(U) G H, £ = J® ^ud^{U) G H, such that (£u ®rju)u is a square 
integrable field of vectors and r] G T>(E), we find 



(4.9) V Jt r ( / (t ® U(am )(U)dfM(U) ) = r ( / (l ® W ^ 6rtJ ^ w )(E7)dAi(C0 



\ 2it 



Indeed, f ® E^)d/i(U)) (£®rj) = f s <g> E™>qu)dii{U) by [13 Theorem 1.10], 

so f)4.9p follows from Lemma [57^1 and Proposition 14.41 Since cr t (7r^(cc)) = V l *7r^(x)V~ 1 *, x G M, 
(14. 3 p implies 



(4.10) a t f Tty (^y (t® u (vm )(U)dfi(U) J J =7i> ( y (i,®uj D 2it ( : UtE 2it m )(U)dfj,(U) 

so the theorem follows from the identification of M with 7r^,(M), in this case. 

Now let 77 = J® r]udfi(U) G i7 and £ = J® ^ud^{U) E H be arbitrary. We take sequences of 
square integrable vector fields = J® ^u,nd^{U), rj n = J® nu, n d[i(U) such that {iu,n®Wi\n)u is 
a square integrable field of vectors, r^ n G P(^) and such that £ n converges to £ and converges 
to 77. Then f(i®U£ Un:VUn )(U)dfj,(U) is a-weakly convergent to j(t ® cj^ U}TIU )(U)dfi(U) and 
hence 

°t ^ (t®w €tr>w )(Z7)d//(E7)J = n 1 ™ c CT t (/ (L®utu, n mJWMU) \ = 

n^L\J ( L ® UD i!^u,n,E^ Vu J{U)dfi{U)j = j {i®u D 2u imE 2u Vu )(U)dfi{U), 

which yields □ 
We used (14. 3 j) to obtain (14. 10p . The unimodularity assumption is essential for Theorem 14.81 

Corollary 4.9. Let (M, A) be unimodular. Let n = J® rjudfx(U) G H, £ = J® ^udfi(U) G ff, 
rGlfee swc/i t/iai 77 G £>(£ 2r ) and £ G V{D 2r ), then: 



(i^u iU:Vu )(U)dfi(U) EV(a z ), 

'IC(M) 

/or a// 2 m £/ie strip S(r) := {z G C | < Im(z) < r, or r < Im(z) < 0}. In particular, if rj 
is analytic for E and if £ is analytic for D, then S\c{m)^ l ® u £u,vu)(.U)d(x(U) is analytic for 
the one-parameter group a t . 
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Proof. For a G M*, define 

F a (z) = a(^j "(l® uj D 2i^ UiE 2iz Vu )(U)dii(U) 

33 /* (X) /*© 



Here the last equality follows from [T5l Theorem 1.10]. By [TSJ Lemma VI. 2. 3], is an 

analytic continuation of a (erf <8> uj^ UtVU )(U)dfi(U))) to the strip S'(r) such that F a (z) is 
bounded by a constant C||a;|| where C is independent of a. Moreover, F a (z) is continuous on 
S(r) and analytic on the interior S(r)°. Therefore F(z) = j(t Cg) L0 D 2i^^ UjE 2s m )(U)dfj.(U) is a 

continuation of a t (J(i £g> oo^ UtVU )(U)dfj,(U)) to the strip S'(r) such that F(z) is bounded and 
(T-weakly continuous on >S(r) and analytic on the interior S(r)° [T5J Result 1.2]. 

□ 



5. Example 

Using the theory of square integrable corepresentions, Desmedt [2] determined the operators 
Du and Ey for the corepresentions that appear as discrete mass points of the Plancherel 
measure, see also Remark 13.41 In particular, his theory applies to compact quantum groups, 
for which every corepresentation is square integrable. As a non-compact example, Desmedt 
was able to determine the operators Du for the discrete series corepresentations of the quantum 
group analogue of the normalizer of SU(1, 1) in SL(2,C), which we denote by (M, A) from 
now on, see [9] and [6]. Having the theory of Sections [3] and H] at hand we determine the 
operators Du and Eu for the principal series corepresentations of (M, A). 

We refer to [9] and [6] for the relevant properties of (M, A) and use the same notational 
conventions. In [6, Theorem 5.7] a decomposition of the multiplicative unitary in terms of 
irreducible corepresentations is given: 

(5.1) w = ®\ P W p>x dx® W Vr 

peg 1 yl- 1 ' 1 ^ xea d (n p ) 

Here o~d{Q p ) is the discrete spectrum of the Casimir operator [6^ Definition 4.5, Theorem 
4.6] restricted to the subspace given in [HI Theorem 5.7]. W V)X is a corepresention that is 
a direct sum of at most 4 irreducible corepresentations [6, Propositions 5.3 and 5.4]. An 
orthonormal basis for the corepresentation Hilbert space C p>x of W PjX is given the vectors 
ef£>(p,x),e,r] G { — ,+},m G Z. The corepresentations W PtX ,p G q z ,x G a(Q p ) are called the 
discrete series corepresentations and the corepresentations W PjX ,p G q z ,x G [—1, 1] are called 
the principal series corepresentations. We denote D px and E PjX for D Wpx and E Wvx . The 
operators D p x have been computed by Desmedt [2] for the discrete series. Hence we focus 
on the principal series. In Appendix [B] we verify that (M, A) satisfies the conditions of the 
Plancherel theorem, so that the theory of Sections [3] and H] applies. Furthermore, (M, A) is 
unimodular [9\. We denote the modular automorphism group of the Haar weight by a t . 
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By [6\ Lemmas 10.9] the action of the matrix elements in the GNS-space can be calculated 
explicitly: 

(i <g> CO e> „ s ',n') (W p x ) fm ,p ,t = 
e m ,e m , 

C(r]£x; m\e',r]';ee'\p \p-\- m - m \po,m-m')5 sgn{po):ml f mo _ m+ml ^ 

Fix p G q z . Let e, 77, m, e', 77', m' be /i-measurable functions of x G [—1, 1], thus e = e(x), 77 = 
rj(x),.... Let /, /' be /i-square integrable complex functions on [—1,1]. Then f(x)e E ^ 1 = 
f(x)ef£(p, x) and f\x)e £ JP = f'(x)e^P i.P) x ) are /^-square integrable fields of vectors. Since 
the modular automorphism group 07 is implemented by 7*7 (9J Section 4], Theorem 14.81 yields 



y ® U f{x)Dfie^ j'{x)El^' ( W P,x)dv( X ) J fm ,p ,t 

1,1] ' m / 

= ^t ( / i i (i ® W / (a; )e^ J /'( :r )e^''') (^P.*) rf M^ /mo,Po,to 
2it I ( , x-, , , \ /tt/ \ j, / \ \ |„,|-2& 



) (W^) d^(x) | 7 | M f mo , PO ,t 

(5.2) VJ[-i,i] /( j ,; w / 

' 'f(x)f'(x)C(r]ex]m',e',r]'-,ee'\p \p^ 1 q^ m ^ m ',po,m~m') 



r ?r,—2n — 2m— 2m' i i 
PoP 9 / ^[-1,1] 



x ^sgn{p ),r)T)' f mo - m+m ^ £e i\p \p-i q -m-m'^dll{x) 

-(p 2 q 2m+2m 'r f (t ® u fM , v f , MpeW ) (W p , x ) d^x)f mo , Po , to . 



M 7(x)e&",/'(x)e^ 



Define A and S as the unbounded self-adjoint operators on J® x ^ C P}X dfi(x) determined by 
^ = J[-i,i] Av^M 2 ^ ^p,xe^(p,x) = p 2 q 2m e £ ^(p,x). B = f® 1A] B PiX d/i(x), B p , x e e *{p,x) = 
q- 2m e £ ^(p,x). So (E2D yields 



(5.3) 



^ ® w /(.)iUS4VW^ ) (W p , x ) dii{x) 

where the integrals are taken over [—1,1]. For any two bounded operators F = Jj®^ - F PtX d/j>( 

G = J[-i,i] G P,xd^{x) on J®^ Cp !X dfi(x), the map ( J®^ C PtX dfi(x)^ <g> ( J®^ C p>x dfj,(x)j ->■ 
M given by 



v®w= v x dfi(x)(g) / w x d/j(x) H> / (t^^^^^J (Wp iiE ) d/x(x) 

J[— i,i] ■'[-i,!] 

is norm- a- weakly continuous since 

a^u^^W^/^x)! < || « || H-^ll ||G||||u||||w||, a G M*. 
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Therefore, for v = J^^Vxd^x)^ = Jj®^ qW x dfi(x) G ^ £ P)X dfJ,(x) , using [H II. 1.6, 
Proposition 7] and (15.31) . 

(5-4) / ® w^t^^J (py P)!e ) dii(x) = / (t ® u;^* U:cijB « W J (Wp |X ) dfi(x). 

J J [-1,1] 

For t> = Jj®^ ^ v x dfi(x), w = Jj®^ x j w x dfi(x) G Jj®^ ^ C P)X dfi(x), with (u^ essentially bounded, 

mj £ D ^ J® j ^ E PjX dfx(x)j , Theorem 13.101 implies that Jj^ ^(t <g) w^it^^t^J (Wp^) G 
jV^. By (15.41) and Theorem 13. 11[ B l v l x w x G V(E P)X ) almost everywhere in the support of {v x ) x . 
Theorem 13.101 implies that for v' = Jj®^ ^ v^d^x), w' = Jj^ - w' x dfj,(x) G Jj^ ^ C p>x dfj,(x) with 

the extra assumptions w' G X> ^ Jj 9 ^ ^ Ep X dfj,(x)j and (i^ ® E p ^ x w' x ) x is square integrable, 

-i,i] 



~-^[yJ ( L ® U D™v x ,E$%w x )(Wp !X )dfl(x) J j (L®Utf atW >J(W PtX )dfi(x) 

(E^w x , El x w' x )(v' x , D™v x )dn(x). 



is strictly positive by the Plancherel theorem. The elements f, 1 ^ i£ £g> E^ x w x dfJ,(x) are 

dense in Jj®^ £^^(2;)®/®^ C PiX dfi(x), so Jj®^ Df^E^d^x) = A p \ x ®B£ x dfi(x). 

By Stone's theorem and [151 Theorem 1.10] Jj®^ ^ D PjX ® E p>x dfi(x) = Jj®^ ^ A p ^ x ® B p ^ x 2 d[i{x) . 
Hence we see that there is a positive function c(p, x), such that 

Av^= M m c(p,x)e^, 
^^ = g- m c(p,x)e^. 

The function c(p, x) depends on the choice of the Plancherel measure /x, see [21 Theorem 3.4.1, 
part 6]. 

Remark 5.1. Desmedt [2J §3.5] obtains a similar result using summation formulas for basic 
hypergeometric series, a method different from the one presented here. Note that the present 
method also applies to discrete series corepresentations and avoids caclulations involving spe- 
cial functions. 

Appendix A. Appendix 

For the theory of direct integrals of bounded operators we refer to [4] . For the theory of 
direct integrals of unbounded closed operators we refer to [TB] , [TB] and [201 Chapter 12]. 

Lemma A.l. Let (X,fi) be a standard measure space. Let (H p ) p and (K p ) p be measur- 
able fields of Hilbert spaces. Let {A p ) p and (B p ) p be measurable fields of closed operators on 



18 



MARTIJN CASPERS, ERIK KOELINK 



{H p )p and (K p ) p respectively. Let (e") p , n G N be a fundamental sequence for {A p ) p and let 
(fp) p ,n G N be a fundamental sequence for (B p ) p . Set A = f® ApdfJ,(p), B = f® B p dpi{p), 
H = J® H p d/J,(p) and K = j® K p d[i(p). 

(a) (A p Cg> B p )p is a measurable field of closed operators. 

(b) The countable set 

R={(e n p ®fp p \n,meN}, 

is a fundamental sequence for (A p <g> B p ) p . 

(c) The set 

( ,e C = JU P dMeV(A), 

T = span c I Up® Vp d n(p) \v = f x V P d v(p) € Z>(£), 

( Jx Jjfo ® Vp )dfx(p) G V(f(A p ® B p )d f i(p)) 

is a core for fx(A p <g> B p )dfi(p). 

Proof. We first prove (a) and (b). By [U II. 1.8, Proposition 10], for (£ p ) p , (f] p ) p measurable 
fields of vectors, there is a unique measurable structure so that (C p ®>Vp)p is a measurable field 
of vectors. We check (1) - (3) of 03 Remark 1.5, (1) - (3)]. 

(1) (e™ ® /™) p is a //-measurable field of vectors and e p <S> f™ G V(A P ® £? p ) for all p. The 
function 

p ^ ((Ap ® 5 p )(e; ® (e£ ® / p m ') p ) = (A p e n p , e n p ')(B p f™, f™'), 

is //-measurable, so (2) follows. For (3) fix a p G X. By definition {e™ | n G N} is a core 
for A p and {/" | n G N} is a core for 5 p . Then it follows from Lemma 11.2.29] that 
span c {e™ ®/™|n,me N} is a core for A p ® _B P , so that i? is total in ©(Ap ® _B P ) with 
respect to the graph norm. In all, we have proved (a) and (b). 

Using [H II. 1.3, Remarque 1], we may assume that (e") p (resp. (f p ) p ) satisfies p !->■ ||(e™) p || 
(resp. p i — y \\(fp ) p \\) is bounded and vanishes outside a set of finite measure. Let 

\;> m = (max(l, ® B p )(e; ® / p m )||, || VJII, II, 11^11))^ , 
so Ap ,m is measurable and < X p ' m < 1. Using the assumption X p ' m (e p ® f™) G T. Moreover, 
p i ^ ||A^ m (e« ® / p m )|lLaph(.4 p ^ p ) is bounded. Let 5 = {(A£>™( e £ ® /™)) p | n,m G N} C T. 
Now define 

M = [J m f S, 
fee 

where C is the set of bounded measurable scalar-valued functions vanishing outside a set of 
finite measure and m/ is multiplication by /. Then MCTC V(j2(A p ® B p )dfi(p)) and by 
[H II. 1.6, Proposition 7], M is total in V(f®(A p ® B p )dfi(p)) equipped with the graph norm. 
Hence T is a core for f®(A p ®B p )d[i(p). □ 

Appendix B. Appendix 

(M, A) denotes the quantum group analogue of the normalizer of SU(1, 1) in SL(2, C). We 
use the same notation as in [H] and [6J. The Casimir operator Q is defined in [5J Definition 
4.5]. o~(Q) and o~d(Q) denote the spectrum and the discrete spectrum of Q respectively. 
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Proposition B.l. Let x G [—1, 1] and x' G a<i{Q), so in particular x ^ x' . Then the 
irreducible summands of W PtX are all inequivalent from W PjX > . 

Proof. This follows from [B], since the eigenvalues of Q when restricted to W' px are contained 
in R\[— 1, 1], whereas for W PtX the eigenvalues of fl are in [—1,1]. 

□ 



The next propositions show that (M, A) satisfies the conditions of the Plancherel theorem, 
cf. Remark 13.31 

Proposition B.2. M is a type I von Neumann algebra. 

Proof. We start with some preliminary remarks. The projections in M' correspond to the 
invariant subspaces of W and the minimal projections in M' correspond to the irreducible 
subspaces of W . The partial isometries in M' correspond to intertwiners of closed subcorep- 
resentations of W. 

Let P G M' be the projection on ® pg(? z Jj^ ^ C PjX . There are no intertwiners between 

closed subcorepresentations of © pg(? z Jrj ^ W PtX dx and the direct sum (J) pg(3 z J x&(Td (Q) W P)X: see 

Proposition lB.il Therefore, P commutes with every partial isometry in M 1 so that P is central. 
We have M' = PM'P © (1 - P)M'(1 - P). The von Neumann algebra (1 - P)M'(1 - P) is of 
type I since the direct sum decomposition © pgg z J xer7d ^ W PjX together with the preliminary 
remarks yield that every projection majorizes a minimal projection. 

Now we prove that PM'P is a type I von Neumann algebra. Define the Hilbert spaces 




(B.l) PK= / C x dx 



[o,i] 

and we let Z denote the diagonizable operators with respect to this direct integral decompo- 
sition. 

We claim that Z C M' C Z' . For the former inclusion, note that the stepfunctions in Z 
are linear combinations of projections onto invariant subspaces for M. By the preliminary 
remarks we find Z C M' . To prove that M' C Z', note that by [6J Corollary 4.11], M' 
is the cr-strong-* closure of the linear span of elements JQ(pi,p 2 ,n)J, pi,p2 G q z , n G Z. 
The operators Q{pi,P2, n) are decomposable with respect to the direct integral decomposition 
fIB.lj) as was proved in [6j; combine [6j Proposition 10.5] together with the direct integral 
decomposition [6j Theorem 5.7] and the definition of Q(pi,p2, n) [6j Equation (20)]. We prove 
that J is a decomposable operator with respect to (IB. 1|) . It suffices to show that J C Z' jj 
Theorem II.2.1]. 
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Let B C [0, 1] be a Borel set and let Pb E Z be the operator Pb = f^^ XB(x)lc x dx, where 
Xb is the indicator function on B. Pb is a projection and we have 

Xbu-b(^)IC = xbvj-b(SI) £(p, to, e, rj) = 

p,m,e,r] 

(B.2) ( r Cdx® f Ox 

00 r = r = r ^ = p B /c, 

p m,e,ri^ x£Bu ^ B p Jx£BU-B J xeB 

where the second equation uses [151 Theorem 1.10] and the fact that there is a direct integral 
decomposition /C(p, to, e, rj) = f®, Q ,Cdx such that Xs(fi)/C(p, m, e, 77) = f® xi , B Cdx, see [SI 
Theorem 8.13]. Other equations are a matter of changing the order and combining direct 
integrals. 

Note that Q leaves the spaces /C + and K~ invariant. Let P + and P~ be the projections 
onto respectively /C + and K~ '. Write, again using the notation of [6] 

where = f2P ± and = f^P 1 * 1 . Note that f2 ± is a self-adjoint extension of . By [SI 
Equation (11)] we see that J leaves the spaces /C + and ]C~ invariant. We claim that 

(b.3) j\ k+ q + j\ k+ = n + , J\ K -n-j\ K - = -ir. 

By [HI Equations (11) and (19)] we find that JfloJfm, P ,t = sga(pt)D,of mtPtt , so that JOjJ = Qq 
and JQq J = — Ojj". Hence JQ + J D Qq, and JQ~J D —Qq. Let x G M', and write: 

JxJ = y + ®y~, V + =(f J+)eM + ,f Jj_ f ) GM -' 

where the decomposition is as in j6j Proposition 4.8]. By that same proposition, we find that 

Vi^ + Q —Q~yi-, V2^~ — ~~^ + y2i Vi^ + ^= ^ + yt an d yt^~ ^= &~vt ■ This implies the 
inclusion in the following computation: 





( w 


- 

-Q 







It) 




n + 











-n- y v yr y ^ -n 

(y+ffiy-)J=jf ^ + ^ Jx. 

So JQ + J © —Jfl~J is a self-adjoint operator affiliated to M extending Qq- So [6, Theorem 
4.6] implies that (j\,c+Q + J| c+ © - J^-fi- = Q, which results in f lB.3j) . 
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To prove that J C Z' , it suffices to prove that for all Borel sets B C [0,1], JPbJ = Pb- 
Indeed we have 

JP B J = Jxbu-b(Q)J = J\k+Xbvj-b{Q + )J\k+ © J\k.-Xbvj-b{^)J\k- 

= Xbu-b(^ + ) © Xbu-b(^) = Xbu-b(^) = Pb- 

The first and last equality are due to f lB.2j) ; the third equality is due to ( 1B.3j) . In all, we have 
proved that Z C M C Z' . 

Let W s = (e pe ,z^) © (©p^Wp,-*) for x G (0,1] and W = ® peq *W p , . The 

operators Q(pi,p2,n) form a countable family that generates M [61 Proposition 4.9]. We 
apply jH Theorem II. 3. 2] and its subsequent remark, together with [4, Theorem II. 3.1] to 
conclude that 



(B.4) PMP = / M x dx, 

Jxe[o,i] 

where M x is generated by {(a; ® l)(W x ) \ u G M*} almost everywhere. The projections in M' x 
correspond to irreducible subspaces of W x . Since W x decomposes as a direct sum of irreducible 
corepresentations [BJ Proposition 5.4], every projection in M' x majorizes a minimal projection. 
We find that M' x is type I and by [TJ Theorem 14.1.21], [17, Corollary V.2.24] and dB~4|) we 
conclude that PMP is type I . □ 

Proposition B.3. M c is separable. 

Proof. Note that if u n G M* is sequence that converges in norm to uj G M„, then ||A(w n ) — 
A(c<;)|| < \\u) n — u\\ so that X(uj n ) converges in norm to A (a;). Since the norm on M c is the 
operator norm on the GNS-space and M c is the C*-algebra obtained as the closure of {X(u) \ 
uj G M*}. It suffices to check that M* is separable. The Q-linear span of {^/ moiPOito ,/ roiiPlitl 
rrii G Z,pi,ti G I q ,i = 0, 1} is weakly dense, hence norm dense in M*. □ 
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